Abstract. In this short note, we give a complete description of semisimple orbits in the restricted Cartan type Lie algebras W, S, H.
Introduction
Given a restricted Lie algebra (g, [p] ). Letting S g denote the set of semisimple elements of g. The connected automorphism group G := Aut p (g) • acts on S g naturally. In the classical case, if g := Lie(G) is an algebraic Lie algebra that associated with a reductive group G, then all maximal tori of g are conjugate under G. It is well-known (cf. [6, (7. 12)]) that the set of semisimple orbits S g /G is in bijective correspondence with the quotient set t/W , where t is a maximal torus of g and W is the associated Weyl group. By contrast, the maximal tori of arbitrary restricted Lie algebras usually are no longer conjugate.
By the classification theorem of Block-Wilson-Premet-Strade (cf. [9] ), all restricted simple Lie algebras over k are either classical or of Cartan type provided that the characteristic of k is larger than 5. Lie algebras of Cartan type fall into four infinite classes of algebras: W , S, H and K. These Lie algebras differ significantly from their classical precursors in that their maximal tori are no longer conjugate. In [1] , Bois, Farnsteiner and Shu developed some general theory of Weyl groups for restricted Lie algebras, and studied the Weyl groups for the restricted Cartan type Lie algebras. They proposed the notion "generic tori" which plays the same important role as the maximal tori in classical Lie algebras. The toral stabilizer S(g) of g is isomorphic to the "Weyl group" associated with any generic torus of g. In this paper, we shall give a complete classification of the semisimple orbits for the restricted Cartan type Lie algebras of g (g = W (n), S(n) (1) or H(2m) (2) ).
Our paper is organized as follows. After recalling basic results on the toral stabilizers, we show in Section 2 that the Weyl group associated with any torus of g is isomorphic to a certain subgroup of the toral stabilizer S(g) of g, which generalize a result of [1] . Section 3 is concerned with the structure of the Cartan type Lie algebras. The Weyl groups has been determined by Jensen in his doctoral dissertation [7] . Using basic results on tori, due to Demishkin [2] [3], we define an index function, then finally establish the following main theorem:
Theorem (see Theorem 4.4) . Let g ∈ {W (n), S(n) (1) , H(2m) (2) } with connected automorphism G = Aut(g) • and t g r (0 ≤ r ≤ µ(g)) be the standard maximal torus of g. Then the following set gives a complete description of the representatives of semisimple G-orbits in g :
where a, b ∈ t g,r r such that a ∼ b if and only if a = w(b) for some w ∈ W (g, t g r ).
Throughout this paper, k denotes an algebraically closed field of characteristic char(k) =: p ≥ 3. p] ), we let G := Aut p (g) • be the identity component of its automorphism group. We denote by µ(g) and rk(g) the maximal dimension of all tori t ⊆ g and the minimal dimension of all Cartan subalgebras h ⊆ g, respectively. According to [4, (7.4) ], the set Tor(g) := {t ⊆ g : t torus, dim k t = µ(g)} of tori of maximal dimension is locally closed within the Grassmannian Gr µ(g) (g) of g. Let M k and Ens be the categories of commutative k-algebras and sets, respectively. For a torus t ∈ Tor(g), we consider the scheme T g : M k → Ens, given by
denotes the set of homomorphisms of restricted R-Lie algebras and g ⊗ k R carries the natural structure of restricted R-Lie algebra via
According to [5, (1.4) ,(1.6)], T g is a smooth affine scheme of dimension dim k g − rk(g). Consequently, the connected component of T g are irreducible, and there exists precisely one irreducible component X t (k) ⊆ T g (k) such that the given embedding t ֒→ g belongs to X t (k). Furthermore, the automorphism groups Aut p (g) and Aut p (t) naturally act on T g (k) via
respectively. Both actions commute, and
be the stablizer of component X t (k) in Aut p (t). Then S(g, t) is called the toral stablizer of g (relative to t).
Weyl groups.
We let N G (t) and C G (t) be the normalizer and centralizer of t in G, respectively. For a restricted Lie algebra g with automorphism group G := Aut p (g) • , let t ∈ Tor(g), the group
is referred to as the Weyl group of g relative to t. The group G naturally acts on the variety Tor(g) of tori of maximal dimension. Since W (g, g.t) ∼ = W (g, t) for every g ∈ G, the Weyl group W (g, t) only depends on the orbit G.t ⊆ Tor(g). 
is a homomorphism of groups that induces an injective homomorphism
According to [4, p.4226] , the map ζ t : X t (k) → Tor(g), ϕ → ϕ(t) is a surjective morphism with finite fibers between two irreducible varieties of dimension dim k g−rk(g). Hence, for each t ′ ∈ Tor(g), there exists a ϕ ∈ X t (k) such that t ′ = ϕ(t). The above Lemma provides an embeddinḡ
sending the Weyl group W (g, t ′ ) of t ′ into the toral stablizer S(g, t).
Our main goal of this section is to give a description of the subalgroup
the stablizer of O ϕ in the toral stabilizer group S(g, t).
Lemma 2.2. Given ϕ ∈ X t (k), then S(g, t, ϕ) = S(g, t) if and only if the G-orbit O ϕ is stable under the action of S(g, t). Given ϕ ∈ X t (k), then the map
induces an isomorphism W (g, ϕ(t)) ∼ = S(g, t, ϕ).
Proof. Thanks to Lemma 2.1, the map Θ ϕ induces an injective homomorphism
It is suffice to prove that the image im(Θ ϕ ) ofΘ ϕ is just the group S(g, t, ϕ). Given h ∈ S(g, t, ϕ), we consider the automorphism
Since O ϕ is open dense in O ϕ , by definition, we have G.w h (ϕ) = O ϕ , and there exists an element g ∈ G with
In particular, we obtain g(ϕ(t)) = ϕ(h(t)) ∈ ϕ(t) for every t ∈ t, whence g ∈ N G (ϕ(t)). Consequently, im(Θ ϕ ) = S(g, t, ϕ).
Following [1] , a torus t ∈ Tor(g) is called generic if the orbit G.t is a dense subset of Tor(g). In [1, Theorem 1.5], the authors proved that if there exists a generic torus t ∈ Tor(g), then W (g, t) ∼ = S(g, t). Furthermore, if t is generic, it follows from the irreducibility of Tor(g), then t is the unique generic torus up to G-conjugate.
Recall the map ζ t : X t (k) → Tor(g), ϕ → ϕ(t) is a surjective morphism with finite fibers between two irreducible varieties. According to [4, Theorem 4.1(3)], it is easy to get ζ t is a finite morphism. Hence, if t ′ ∈ Tor(g) is generic, then there exits a ϕ ′ ∈ X t (k) such that ϕ ′ (t) = t ′ and G.ϕ ′ = X t (k). We readily obtain: 
Proof. By the above argument, we know that there exits a ϕ ′ ∈ X t (k) such that ϕ ′ (t) = t ′ and G.ϕ ′ = X t (k). Hence the G-orbit O ϕ ′ is stable under the action of S(g, t). Now our assertion follows from Lemma 2.2 and Theorem 2.3.
Restricted Cartan type Lie algebras
In this section, we list some basic facts about the restricted Cartan type Lie algebra. The reader is referred to [8] , [9] for further details.
. . , X p n ) be the truncated polynomial ring, whose canonical generators will be denoted by x 1 , . . . , x n . The Lie algebra W (n) := Der k (A(n)) is called the n-th Jacobson-Witt algebra. We let ∂ i ∈ W (n) denote the partial derivative with respect to the variable x i .
Define the linear map div :
The Lie algebra S(n) is defined via
The derived algebra S(n) (1) is called special algebra. Furthermore, if n ≥ 3, then S(n) (1) is restricted and simple.
Let us move on to the family H(2m). For i ∈ {1, . . . , 2m}, we put
In addition, we define (2) of H(2m) is simple and restricted, and we call it a Hamiltonian algebra. Moreover, it is not hard (see [8, p. 163] ) to see that the linear map
If g ∈ {W, S, H}, then g possess a restricted Z-grading
We consider the associated descending filtration (g (i) ) i≥−1 , defined via
for all ∂ ∈ W (n). Let G := Aut p (g) denote the automorphism group of g. Then G is connected ( [10] ), and
Set k * := k\{0}. In particular, the assignment ϕ → σ ϕ defines an isomorphism of the following groups:
and
where ω H is the Cartan differential form of type H (see [9, §7.3] ). Recall that the Poisson Lie algebra structure on A(2m) is given by {f, g} = D H (f )(g) for all f, g ∈ A(2m). We record the following useful theorem for further reference.
Theorem 3.1. [9, (7.3.6)] For ϕ ∈ Aut(A(2m)), the following assertions are equivalent:
Consider the action G on Tor(g). Since the natural filtration (see (3.5) ) is stable under the action of G, it follows that the function
is constant on the G-orbits of Tor(g). The following result, which states that χ 0 forms a complete set of invariants for the G-orbits of Tor(g), is based on Demushkin's work [2] , [3] .
Lemma 3.2. Assume that g ∈ {W (n), S(n) (1) , H(2m) (2) }. Then the following statements hold:
(1) Two tori t, t ′ ∈ Tor(g) belong to the same G-orbit if and only if χ 0 (t) = χ 0 (t ′ ).
(2) There are exactly µ(g) + 1 orbits, the canonical orbit representatives of these classes are:
Notation. In the sequel, we shall make the following notations: (1) Set
3.4.
Weyl groups of W, S, H. Assume that g ∈ {W (n), S(n) (1) , H(2m) (2) }. According to [1, (5. 3)], the toral stabilizer S(g) is isomorphic to GL µ(g) (F p ). Given a maximal torus t ⊆ g. We are going to determine the Weyl group of g relative to t. Since the Weyl group W (g, t) only depends on the orbit G.t ⊆ Tor(g), we may hence assume that t = t g r . Lemma 2.1 provides an embedding 
where
4. Semisimple orbits of W, S, H 4.1. Index functions. Assume that g ∈ {W (n), S(n) (1) , H(2m) (2) }. We denote by S g the set of semisimple elements of g. Let s ∈ S g . Thanks to Lemma 3.2, we know that there exists some t g r for 0 ≤ r ≤ µ(g) such that the orbit G.s has non-empty intersection with t g r . In view of this, we consider the index function on the set S g :
We put S r g := {s ∈ S g ; Ind(s) = r}. It follows that S g is the disjoint union of S r g , i.e.,
Given a maximal torus t g r (0 ≤ r ≤ µ(g)), we denote by t g,r r := t g r ∩ S r g the element in t g r whose index is r.
4.2.
Semisimple element in the standard tori. Assume that g ∈ {W (n), S(n) (1) , H(2m) (2) } with automorphism group G = Aut(g) and let t g r ; 0 ≤ r ≤ µ(g) be the standard tori defined in Lemma 3.2. First, it is easy to see that t Proof. (1) Suppose that d / ∈ t g,r r . Then there exists σ ϕ ∈ G (ϕ ∈ Aut(A(n)), see the assignment defined in subsection 3.2) such that
g,s i for some s < r. We define
e., the polynomial f i is an eigenvector of σ ϕ (d) with weight λ i . By the assignment (see (3.6)), we have
s is semisimple, we have the weight space decomposition:
One can easily check that {y 1 , . . . , y s , x s+1 , . . . , x n } are weight vectors with respect to the action of t g s on A(n). By a direct computation, we obtain the following statements:
s+1 · · · x ln n ; l i ∈ F p for all i and (2) and n = 2m, then
In view of (a), f i must have a term y
with non-zero coefficient as its component. This implies that λ i = a s u i1 + · · · a s u i,s , note that all u i,j ′ s are in F p , now our assertion follows. ♦ As s < r, it follows from (b) that λ 1 , . . . , λ r are F p -linear dependent. 
i . We define σ ϕ by:
By a direct computation (see the formula in [2, p. 234]), we have
As det(∂ i (ϕ(x j ))) = 1, it follows that σ ϕ ∈ Aut(S(n) (1) ) (see (3.7) ). Furthermore, direct computation shows that
Observe that det(∂ i (ϕ(x j ))) = 1, so that ϕ ∈ Aut(A(2m)). Moreover, we claim that
We only show that the particular case: i = r, other cases can be easily checked.
(
In view of Theorem 3.1, it follows that σ ϕ ∈ Aut(H(2m) (2) ) and an easy calculation shows that
r , so that our assertion follows from (1) and (2).
Lemma 4.2.
Assume that g ∈ {W (n), S(n) (1) , H(2m) (2) } with automorphism group G = Aut(g). 
. Setting β = (β 1 , · · · , β µ(g) ) and α = (α 1 , · · · , α µ (g)) and letting
The assignment (see (3.6)) yields
Hence we see that for each i the vector f i is a weight vector with respect to the t-action. we claim that ( †) There exists matrices A, B, τ such that
Proof of ( †): We proceed in steps.
(i) Assume first that g = W (n). Consider the weight space decomposition with respect to the action of t:
A(n) = ⊕ γ∈k A(n) γ , where, A(n) γ := {f ∈ A(n); t · f = γf }. One can check that
As ϕ ∈ Aut(A(n)), det(∂ i (f j )) is invertible. By considering the lowest degree monomial of f i (up to a scalar), we obtain:
, where τ is a permutation on {r + 1, · · · , n}.
Consequently, β = α A B 0 τ , where A = (a ij ) and B = (b ij ). Recall that d, t ∈ t g,r r , both α 1 , · · · , α r and β 1 , · · · , β r are F p -linear independent (see Lemma 4.1). Hence, A ∈ GL r (F p ).
(ii) Assume now that g = S(n) (1) . The proof and construction are almost the same. We will omit the details here.
(iii) Finally the case g = H(2m) (2) . The same argument as W (n) shows that
As σ ϕ ∈ Aut(H(2m) (2) ), by considering the lowest degree monomial of f i (up to a scalar), f j has term z a 1j
Similar to the argument of W (n) and by Theorem 3.1, there exists a permutation τ on {r + 1, · · · , m, m + r + 1, · · · , 2m} such that for each r + 1 ≤ j ≤ m, we have:
, where S m−r is a permutation on {r + 1, · · · , m} and the copies Z m−r 2 act by ′ . To sum above up, if r + 1 ≤ j ≤ m, then f j has term Z b(j) x τ (j) with weight
. It follows that
such that for all i, j there exists permutation ω with c ij ∈ {±δ i,ω(j) }. Note that both {α 1 , · · · , α r } and
One can check directly that the following construction satisfies the requirement.
If g = W (n), then µ(g) = n and define
If g = S(n) (1) , then µ(g) = n − 1 and define
If g = H(2m) (2) , then µ(g) = m. Suppose A −T = (n ij ) ∈ GL r (F p ), and τ = (c ij ) where c ij = ±δ ω(j),i for some ω ∈ Perm(r + 1, · · · , m). Define
We have the following main theorem.
Theorem 4.4. Let g ∈ {W (n), S(n) (1) , H(2m) (2) } with automorphism G = Aut(g) and t 
Normalizer and centralizer of W (n)
In this section, we will compute both normalizer and centralizer for all maximal tori of W (n). It is convenient to let t r := t W r = n i=1 kz i ∂ i , 0 ≤ r ≤ n, where z i = 1 + x i f or 1 ≤ i ≤ r, and z i = x i for r + 1 ≤ i ≤ n.
Lemma 5.1. Keep notations as above, then
Proof. Suppose ϕ ∈ Aut(A(n)) such that σ ϕ ∈ N G (t 0 ), and
Fix i and j, write
, where a j ∈ k * , τ ∈ S n . On the other hand, if ϕ(x j ) = a j x τ (j) , j = 1, · · · , n, a j ∈ k * , τ ∈ S n , then by direct computation one can show σ ϕ (x j ∂ j ) = x τ (j) ∂ τ (j) , it follows that σ ϕ (t 0 ) = t 0 .
Lemma 5.2. Keep notations as above,
Proof. suppose ϕ ∈ G and
. . .
Similar to Lemma 5.1, it equivalent to
where g s is free on x i for all s. Thanks to above equations, one can solute g s by the following steps:
Hence the argument above still works for f 0 .
Lemma holds by induction.
Proposition 5.3. Keep the notations as above, then for arbitrary r = 0, · · · , n,
,··· ,r ∈ GL r (F p ). If r + 1 ≤ j ≤ n, f j = a j x σ(j) r l=1 (1 + x l ) m lj , where a j ∈ K * , σ ∈ S n−r , m lj ∈ F p . Proof. Suppose ϕ ∈ G such that σ ϕ ∈ N G (t r ), i.e. ∃M ∈ GL n (k), such that
(1 + x r )∂ r x r+1 ∂ r+1 . . .
One can check that it equivalent to (1) 1 ≤ i, j ≤ r, m ij (1 + f j ) = (1 + x i )∂ i f j .
(2) j < r + 1 ≤ i ≤ n, m ij (1 + f j ) = x i ∂ i f j .
(3) i < r + 1 ≤ j ≤ n, m ij f j = (1 + x i )∂ i f j . where a j ∈ K * , m lj ∈ F p , σ ∈ S(x r+1 , · · · , x n ) ≃ S n−r , the permutation group with respect to {x r+1 , · · · , x n }.
If 1 ≤ j ≤ r < i ≤ n, take p-th power at equation (2) 
as asserted.
The following corollary immediately follows from a direct computation.
Corollary 5.4. C G (t) = N G (t) • ≃ (K * ) n−r for arbitrary maximal tori t of W (n).
Proof. Let g ∈ G, N G (g · t) = g · N G (t) and C G (g · t) = g · C G (t), where G acts on N G (t) and C G (t) by conjugation. Hence, we only need to verify the case of t r , r = 0, · · · , n. Similar to the proof of 5.3, we can obtain this corollary for t r , r = 0, · · · , n. The key point is that we need to use diagonal invertible matrix instead of M as in the proof of 5.3.
Remark. Given a restricted Lie algebra (g, [p] ) with the connected automorphism group G := Aut p (g) • Let t ⊆ g be a maximal torus of g. We conjecture that N G (t) • = C G (t).
